Abstract. The aim of this paper is to show that, contrary to what is commonly believed, it is possible to get rather simple analytic expressions for a class of fuzzy controllers. We describe a Maple package called FuzzyCAT that supports analysis and simulation of fuzzy controllers. The restrictions made in the program concern the shape of the membership functions, the defuzzification methods available and the number of input and output variables.
Basics
Fuzzy control (fc) and fuzzy logic are becoming more and more common in industrial applications. However this trend has not yet been accompanied by a similar surge of interest in the academic control society. The reasons for this is maybe that control theorists traditionally have very high demands on mathematical rigor and analysis before accepting new techniques, and such mathematical analyses are still scarce in the fc literature. Nevertheless the importance of fc cannot be neglected. Some references to the basics of fc and fuzzy logic are [3, 51.
From a functional point of view a fuzzy controller simply constitutes a nonlinear mapping of its input to its output signals, where the nonlinearity is given by fuzzy logic. The main contribution of fc comes from the unconventional (from a control theorist's point of view) specification (parametrization) of this nonlinearity. Since there is no dynamics in the actual controller dynamics has to be introduced externally, by some filters. Given a control error e we thus implement a nonlinear pi-controller by feeding the signals e and Se into the nonlinear function in question. The first restrictions introduced by FUzzyCAT is that the number of controller inputs (measured signals) cannot exceed 2. Furthermore the controller output is assumed scalar. Given these and some additional restrictions to be mentioned below, the following main functions are currently available in FuzzyCAT: generation of membership functions (mf), generation of fuzzy rules, fuzzy logical operations, defuzzification, generation of simulation code for MATLAB, plotting of gain functions, support for nonlinear control system analysis tools, such as circle criterion sector and computation of describing functions.
The restrictions introduced for mf are that: 1) the total function has to be continuous and: 2) the subfunctions have to be analytically integrable, monotonic and surjective onto the interval [0,1], unless they are identical to 0 or 1 over their interval of definition. This allows for non-monotonic mf, though. The function and the range in a subfunction may depend on parameters.
Usually the equations defining a fc are solved numerically, either on-line while running the controller, or off-line while compiling the code for the controller. This however gives us no support in doing mathematical analysis of the result, i. (2)
Here is a FuzzyCAT-session for deriving an analytic expression for the control law above: Note that the controller obtained is the simplest odd nonlinearity (a polynomial with a linear and a cubic term) plus a saturation. It is not possible to define a fc with one single rule, so we proverbially conclude: "The simplest possible fuzzy controller is the simplest possible nonlinear controller."
Once we have analytic expressions for the nonlinear control law defined by fuzzy logic we can use standard methods from nonlinear control theory to analyze the closed loop e.g. the circle criterion, the describing function approach and Lyapunov theory [4].
Let us apply the control law c(y) defined in equation (4) to the non-minimum phase plant
and examine the stability of the closed loop system.
It is easy to check that Vy : 0 5 -c(y)/y 5 6. Now the circle criterion assures closed loop stability, since
Vw : Re G(iw) > -1/6 (which is easily checked). We have proved that (4) is a stable control law for the system (5).
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Conclusion
To conclude, we hope that the tools presented here contribute to the demystification of fuzzy control, so that it may eventually become an accepted part of control engineering both in industry and academia, and receive a fair judgement and treatment from both.
